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Yesterday

• Overparametrisation can be benign 
• Data structure matters 
• Non-convex optimisation is hard

Challenges for a “theory of ML”:

Statistical physics as the study of high-
dimensional probability. 

“More is different”

Many of these challenges arise due to 
high-dimensionality…

[Anderson 1972]
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We now focus our attention on two-layer neural networks:

f(x; Θ) =
p

∑
i=1

aiσ(w⊤
i x)

x ∈ ℝd

h = σ(Wx) ∈ ℝp

Θ = (a, W) ∈ ℝp × ℝp×d

Question: What happens when ?p → ∞ It depends!

Lazy vs. Rich regimes.

[Jacot et al. ’18; Chizat, Oyallon & Bach ’19]
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Then, on a neighbourhood of :Θ0 f̄lin(x; Θ0)
f(x; Θ) = f(x; Θ0) + ∇Θ f(x; Θ0)⊤(Θ − Θ0)+

+
1
2

(Θ − Θ0)⊤ ∇2
Θ f(x; Θ0)(Θ − Θ0) + ⋯

Under one step of gradient descent, we have:

Θ1 = Θ0 − η∇Θℛ̂n(Θ0)

Therefore,  will is a good approximation if:f̄lin(x; Θ0)

κ(Θ0) =
δ∇Θ f

δℛ̂n
≪ 1

Lazy vs. rich regime



For , the relative change in the risk is:η ≪ 1

δℛ̂n =
|ℛ̂n(Θ1) − ℛ̂n(Θ0) |

ℛ̂n(Θ0)
≈

η≪1
η

| |∇Θℛ̂n(Θ0) | |2

ℛ̂n(Θ0)
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ℛ̂n(Θ0)
≈

η≪1
η

| |∇Θℛ̂n(Θ0) | |2

ℛ̂n(Θ0)

While the relative change in the features is:

δ∇Θ f ≈ η
| |∇2

Θ f(Θ0) | |
| |∇Θ f(Θ0) | |

For the square loss, we have:

κ(Θ0) = | |y − f(x; Θ0 | |
| |∇2

Θ f(Θ0) | |
| |∇Θ f(Θ0) | |

≪ 1

Lazy vs. rich regime



Assuming that  and introducing a scaling:a0,i = O(1)

f(x; Θ) = α(p)
p

∑
i=1

aiσ(w⊤
i x)

It can be shown that for : p ≫ 1

𝔼[κ(Θ0)] ≲
1
p

+
1

pα(p)

[Chizat, Oyallon & Bach ’19]

Which means  if  as  f(x; Θ) ≈ f̄lin(x; Θ0) pα(p) → ∞ p → ∞

Lazy vs. rich regime

a.k.a. “lazy” regime



The neural tangent kernel
Under a “lazy scaling” and considering the gradient flow 
limit :η → 0
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1
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With features:

Random features
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[Lee et al. ’19]



Random features model

f(x; Θ) =
1
p

a⊤σ(Wx)

x ∈ ℝd

min
a∈ℝp

1
n ∑

ν∈[n]

ℓ (yν,
1
p

a⊤σ(Wxν)) +
λ
2

| |a | |2
2

[Rahimi & Recht ’07]

Frozen

Convex in !a ∈ ℝp

W ∼ pW



RF model: a simple set-up

Data:   generated as:(xν, yν)ν∈[n] ∈ ℝd × 𝒴

yν = f⋆(θ⊤
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a
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y = f⋆(θ⊤

⋆x)

W
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The replica trick

Key idea: log Zβ = lim
s→0+

∂sZs
β [Kac 1968]

Such that: −βfβ = lim
d→∞

1
d

lim
s→0+

∂s𝔼[Zs
β] with:

𝔼[Zs
β] = ∏

ν∈[n]

𝔼(xν,yν) [∫
s

∏
a=1

p(daa)py(yν |aa⊤φ(xν))]
3 key steps: 1. Taking the average wrt to the data 

2. Taking  limit with Laplace 
method 

3. Taking the  limit

d → ∞

s → 0+



Replica computation

Interlude
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∏
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1
p

Wx ∼ 𝒩 (0,Ω) Ω =
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p

p(ν, λ1, ⋯, λs) = 𝒩 (0, [
| |θ⋆ | |2

2 θ⊤
⋆Φaa

aa⊤Φθ⋆ aa⊤Ωab]) Φ =
W
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i
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∑
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∏
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Ψ(s) = i
s

∑
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qab ̂qab + i γ
s

∑
a=1

mam̂a + αΨ(s)
y (qab, ma) + Ψ(s)

a ( ̂qab, m̂a)

Ψ(s)
y = log∫ dy 𝔼(ν,λa) [p⋆(y |ν)

s

∏
a=1

py(y |λa)]
Ψ(s)

a = log∫
s

∏
a=1

p(daa)e
−i

s
∑
a=1
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⋆Φ⊤aa−i

s
∑
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̂qabaa⊤Ωab
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Step 3: Replica symmetric ansatz
Consider the following RS ansatz:

ma = m m̂a = − im̂
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qaa = r ̂qaa =
i
2

̂r

qab = r ̂qab = − i ̂q ∀a ≠ b

Cov(ν, λa) =

ρ m m ⋯ m
m r q ⋯ m
m q r ⋯ m
⋮ ⋮ ⋱ ⋯ ⋮
m q q ⋯ r



Step 2: Writing as a saddle

extr
qab, ̂qab,ma,m̂a

Ψ(s)(qab, ̂qab, ma, m̂a)

This allow us to take the  exactly:d → ∞

𝔼[Zs
β] ≈

d→∞
edΨ(s)(qab

⋆ , ̂qab
⋆ ,ma

⋆,m̂a
⋆)

Where  are minimisers of(qab
⋆ , ̂qab

⋆ , ma
⋆, m̂a

⋆)

For general , this is still too complicated…. But we only need to 
solve this for !

s
s → 0+



Step 3: Replica symmetric ansatz
This allows to make the dependence on  explicit in every term s

Trace terms:

i
s

∑
a=1

mam̂a = sm ̂n i
s

∑
a≤b

qab ̂qab = −
1
2

r ̂r +
s(s − 1)

2
q ̂q



Step 3: Replica symmetric ansatz
This allows to make the dependence on  explicit in every term s

Trace terms:

i
s

∑
a=1

mam̂a = sm ̂n i
s

∑
a≤b

qab ̂qab = −
1
2

r ̂r +
s(s − 1)

2
q ̂q

“Prior” potential:

Ψ(s)
a = log∫

s

∏
a=1

p(daa)e
−i

s
∑
a=1

m̂aθ⊤
⋆Φ⊤aa−i

s
∑
a≤b

̂qabaa⊤Ωab



Step 3: Replica symmetric ansatz
This allows to make the dependence on  explicit in every term s

Trace terms:

i
s

∑
a=1

mam̂a = sm ̂n i
s

∑
a≤b

qab ̂qab = −
1
2

r ̂r +
s(s − 1)

2
q ̂q

“Prior” potential:

Ψ(s)
a = log∫

s

∏
a=1

p(daa)e
−i

s
∑
a=1

m̂aθ⊤
⋆Φ⊤aa−i

s
∑
a≤b

̂qabaa⊤Ωab

= log∫
s

∏
a=1

p(daa)e
m̂θ⊤

⋆Φ⊤
s

∑
a=1

aa− ̂r + ̂q
2

s
∑
a=1

aa⊤Ωaa+ ̂q
s

∑
a,b=1

aa⊤Ωab



Step 3: Replica symmetric ansatz
This allows to make the dependence on  explicit in every term s

Trace terms:

i
s

∑
a=1

mam̂a = sm ̂n i
s

∑
a≤b

qab ̂qab = −
1
2

r ̂r +
s(s − 1)

2
q ̂q

“Prior” potential:

Ψ(s)
a = log∫

s

∏
a=1

p(daa)e
−i

s
∑
a=1

m̂aθ⊤
⋆Φ⊤aa−i

s
∑
a≤b

̂qabaa⊤Ωab

= log∫
s

∏
a=1

(p(daa)em̂θ⊤
⋆Φ⊤aa− ̂r + ̂q

2 aa⊤Ωaa) e
̂q

s
∑

a,b=1
aa⊤Ωab



Step 3: Replica symmetric ansatz
This allows to make the dependence on  explicit in every term s

Trace terms:

i
s

∑
a=1

mam̂a = sm ̂n i
s

∑
a≤b

qab ̂qab = −
1
2

r ̂r +
s(s − 1)

2
q ̂q

“Prior” potential:

Ψ(s)
a = log∫

s

∏
a=1

p(daa)e
−i

s
∑
a=1

m̂aθ⊤
⋆Φ⊤aa−i

s
∑
a≤b

̂qabaa⊤Ωab

= log∫
s

∏
a=1

(p(daa)em̂θ⊤
⋆Φ⊤aa− ̂r + ̂q

2 aa⊤Ωaa) 𝔼ξ∼𝒩(0,Ip) [e
̂q

s
∑
a=1

ξ⊤Ω1/2aa

]



Step 3: Replica symmetric ansatz
This allows to make the dependence on  explicit in every term s

Trace terms:

i
s

∑
a=1

mam̂a = sm ̂n i
s

∑
a≤b

qab ̂qab = −
1
2

r ̂r +
s(s − 1)

2
q ̂q

“Prior” potential:

Ψ(s)
a = log∫

s

∏
a=1

p(daa)e
−i

s
∑
a=1

m̂aθ⊤
⋆Φ⊤aa−i

s
∑
a≤b

̂qabaa⊤Ωab

= log 𝔼ξ∼𝒩(0,Ip) (∫ p(da)e− ̂r + ̂q
2 a⊤Ωa+a⊤(m̂Φθ⋆ + ̂qΩ1/2ξ))

s



Step 3: Replica symmetric ansatz
This allows to make the dependence on  explicit in every term s

“Likelihood” potential:

Ψ(s)
y = log∫ dy 𝔼(ν,λa) [p⋆(y |ν)

s

∏
a=1

py(y |λa)]



Step 3: Replica symmetric ansatz
This allows to make the dependence on  explicit in every term s

“Likelihood” potential:

Ψ(s)
y = log∫ dy 𝔼(ν,λa) [p⋆(y |ν)

s

∏
a=1

py(y |λa)]
= log∫ dy∫ dν p⋆(y |ν)∫

s

∏
a=1

dλapy(y |λa)e
− 1

2 (ν λa)( ρ ma

ma qab)
−1

( ν
λa)
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This allows to make the dependence on  explicit in every term s
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Exercise: Decouple this in  (see [Gerace et al. ’21] for a solution)s



Summary
Taking the limit  and putting together, we can finally 
get:

s → 0+

−βfβ(α, λ) = extr
r, ̂r,q, ̂q,m,m̂

Ψ(r, ̂r, q, ̂q, m, m̂)

Ψ(s) =
1
2

r ̂r +
1
2

q ̂q − γmm̂ + αΨy(r, q, m) + Ψa( ̂r, ̂q, m̂)

Ψa( ̂r, ̂q, m̂) = 𝔼ξ log∫ dpa(a)e− ̂r + ̂q
2 a⊤Ωa+a⊤(m̂Φθ⋆ + ̂qΩ1/2ξ)

Ψy(r, q, m) = 𝔼η ∫ dy Z0 (y,
m

q
η, ρ −

m2

q ) log Zy (y, qη, r − q)

Z⋆/y(y, ω, v) = 𝔼z∼𝒩(ω,v)[p⋆/y(y |z)]



Comments

• Technique readily applies to other “priors” and “likelihoods”.

• Formulas can be rigorously proven using Gordon min-max 
inequalities or AMP methods. 

c.f. [Zdeborová & Krzakala 2016] for a review

c.f. [Loureiro et al. ’21]

• Result holds for a general Gaussian Covariate model

y = f⋆(θ⊤
⋆u)

f(x; Θ) = ̂f(a⊤v)
(u, v) ∼ 𝒩 (0, [ Ψ Φ

Φ⊤ Ω])
• This covers “many” feature maps  due to universality in 

high-dimensions.
φ(x)

[Goldt et al. ’21; Hu & Lu ’21; Saed & Montanari ’22]
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κ0 = 𝔼[σ(z)] κ1 = 𝔼[σ′ (z)] κ2
⋆ = 𝔼[σ(z)2] − κ1

1 − κ2
0

• RF case given by:

[Loureiro et al. ’21]

• This covers “many” feature maps  due to universality in 
high-dimensions.

φ(x)
[Goldt et al. ’21; Hu & Lu ’21; Saed & Montanari ’22]

[Mei & Montanari ’19; Gerace et al. ’20]

Including deep case φ(x) = σ(WLσ(⋯σ(W1x))) [Schröder ’23]
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[Mei & Montanari ’19; Gerace et al. ’20]
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λopt

zero	
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error

Number of parameters

yμ = sign(w⊤
* x) ̂y = sign (w⊤

2 erf (W1x))
[Geiger et al. ’18]

[Mei & Montanari ’19; Gerace et al. ’20]
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No interpolating 
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Larger  
norm solution

 loss  
.

ℓ2
λ → 0+

There is no violation of the Bias-Variance tradeoff:  
instead there is a regularisation that is not always explicit

[Neyshabur, Tomyoka, Srebro 15’]

What’s going on?
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[Rosset, Zhy, Hastie 04’]
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Linear separability

Cover ’67 

Generalise a phase transition in  
[Cover ’67; Gardner ’87; Sur & Candes, ’18] 

[Gerace et al. ‘20]
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Ensemble of random features

y = f⋆(θ⊤
⋆x)

̂f(x; Θk) = a⊤
k σ(Wkx)

Final 
predictor

̂y = ̂f({σ(Wkx)ak}K
k=1)

Can generalise previous discussion to an ensemble of 
learners:

Example: ̂y =
1
K

K

∑
k=1

a⊤
k σ(Wkx)



Overfitting at interpolation
Ridge regression

[Biroli et al ’20; Loureiro et al. ’22]

zero	
training		
error

[Geiger et al. ’18]

Number of parameters



Bias-Variance trade-off
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Bias (approximation error):  decrease and vanishes at interpolation
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[Krogh, Vedelsby ’95; Biroli et al ’20; Loureiro et al. ’22]



ϵg = ϵ̄g + δϵ̄g

Bias (approximation error):  decrease and vanishes at interpolation
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Variance:  overfitting of random weights  fluctuationsW

Bias-Variance trade-off



Limitations of RF model
Performance of RF is bounded by kernel performance.

In this setting, for  it can be shown that kernels 
can learn up to degree  polynomials.

n ∝ dℓ

ℓ [Mei, Misiakiewicz & Montanari ’21]



Limitations of RF model
Performance of RF is bounded by kernel performance.

In this setting, for  it can be shown that kernels 
can learn up to degree  polynomials.

n ∝ dℓ

ℓ [Mei, Misiakiewicz & Montanari ’21]

Beating this requires  
Learning features!

From [Ba et al. ’22]



Lecture II: Summary

“Lazy” vs “rich” regime of wide neural networks



Lecture II: Summary

“Lazy” vs “rich” regime of wide neural networks

Exact asymptotic results for RF model  
under Gaussian data



Lecture II: Summary

“Lazy” vs “rich” regime of wide neural networks

Exact asymptotic results for RF model  
under Gaussian data

Overparametrisation might not hurt generalisation 
c.f. “Benign overfitting” [Bartlett et al. ’19]



Lecture II: Summary

“Lazy” vs “rich” regime of wide neural networks

Exact asymptotic results for RF model  
under Gaussian data

Overparametrisation might not hurt generalisation 
c.f. “Benign overfitting” 

Implicit bias of optimisation algorithm

[Bartlett et al. ’19]


