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1 Basic notions

Given samples from a target distribution Z ~ p,, statistical inference is the subject concerned
with the question of how to estimate properties of p, from the observed data Z. This can be
estimating the full distribution or some of its statistics, e.g. moments.

Our focus in this lectures will be on parametric statistical inference, when the target dis-
tribution is a parametric function p, = pg,, which reduces the problem to estimating the
ground truth parameters 6,. Most of distributions studied in basic probability courses are
parametric, e.g. the normal distribution N/ (y, 0?) for which § = (u,02) € R x (0, 00), the
Bernouilli distribution Bernouilli(p) for which 6 = p, the Poisson distribution Pois(\) for
which § = X € (0, 00), etc.

An important class of parametric statistical inference tasks are inverse problems in signal
processing. These are problems in which a signal is sent through a potentially noisy channel,
and the goal of the statistician is to reconstruct or detect the signal given the observations. In
this case, the ground truth 6, plays the role of the signal, while the distribution py, parametrises
the noise or transmission channel.

Example 1.1. A few examples of inverse problems are:

« Denoising: In scalar denoising, Y = 6, +0Z with E[Z] = 0 and E[¢?] = 1. A variation
of this problem is vector denoising, where Y € R" and:

Y =6, +0Z (1.1)

with the noise € often assumed i.i.d. from a distribution with zero mean and unit variance.
An important particular case is when the noise is i.i.d. Gaussian Z; ~ A(0,¢?), and
hence pg, (y) = N (04, %I,,). Denoising will be one of the guiding examples in these
notes.

« Linear estimation: In linear estimation, the observation is a set of pairs Y = {(x;,y;) €
RY x R : i € [n]}, where y; = (0, ;) + &; with z; ~ p, and i.i.d. noise. This is also
often denoted in matrix form as:

where X € R™*? is the matrix obtained by stacking =; € R? row-wise, and y, e € R%.



« Generalised linear estimation: In linear estimation, the observations also come in
pairs Y; = (z;,7) € R? x R, but now the noise is parametrised by a more general
likelihood P, |,:

Yi ~ Pya([(0s, i), iid. (1.3)

Note that linear estimation is a particular case of the above. But generalised linear
models also contain a richer class of problems where the relationship between signal and
observation can be non-linear, e.g. y; = 0((04, x;)) + &;, also known as a single-index
model.

 Spiked matrix factorisation: In spiked matrix factorisation, the observation is a matrix
Y € R™™:

Y = 'v*’u*T + Z (1.4)

where the signal 8, € R? is known as the spike, and the noise is a random matrix
Z € R"" When W ~ GOE(n), this is also known as the spiked Wigner model. A close
variation of this problem considers a rectangular observation matrix Y~ € R"*:

Y = u*'u;r + Z (1.5)
When W;; ~ N (0, 1), this is known as the spiked Wishart model.

In all these inverse problems, the signal 6, is typically structured, and the goal is to understand
how structure impacts the statistical complexity of estimation. Typical modelling assumptions
in the classical literature are sparsity,' or quasi-sparsity, e.g. belonging to a ¢, ball (Donoho
and Johnstone, 1994). A stronger assumption, more common in the high-dimensional inference
literature, is to make the signal probabilistic.

Assumption 1.2 (Random ground truth). We assume the ground truth parameters are drawn
at random from a prior distribution 6, ~ 7.

Note that without specifying 7, assumption 1.2 is not really restrictive, as one can always
recover a deterministic setting by taking m = Jy, . However, as it will become clearer in the
following, the interest of assumption 1.2 is when 7 is a structured distribution, and therefore
assumption 1.2 states that 6, is a “typical” realisation of this distribution. This should be
contrasted to a minimax approach for this problem, where 6, can be taken adversarially from
the constraining set of interest. Sometimes, this probabilistic setting is refereed to as the
typical-case approach in opposition to the worst-case, minimax approach.

Definition 1.3 (Posterior distribution). Consider a parametric inference problem with Y ~
po, (2), where 0, ~ 7. The posterior distribution of 0 given the observation Z is given by:

_ po(Y)m(0)
p(Y)

In order to stress the relationship between the posterior p(0|Z) and the likelihood py(y), it is
common to employ a Bayesian notation for the likelihood py(Y') = p(Y'|0).

p(0Y) (1.6)

The posterior distribution enjoys of some interesting statistical properties.

'A vector @ € R? is said to be s-sparse if s < d components are non-zero.
?See for instance Donoho, 2000 for an interesting discussion on the relationship between these approaches.



Proposition 1.4 (Nishimori identity). Consider a statistical inference problem with observations
Y ~ p(:|0y) for 0, ~ 7. Then, for any measurable bounded function of the observations F', we
have:

B, o ymp(.f0) [E [F(Y, 6,00 ... g®)y | Y”

= Eg, o, vop(ion) [E [P, 00,00, 00 | v]]. (1.7)

where 0 01 ... 0(%) gre independent samples from the posterior distribution in eq. (1.6). In
other words, under the expectation over the data generating process a sample from the posterior is
equivalent to a sample from the prior. This can be equivalently stated as:

(Y, 0,00, ... 79<k>) @ (y7 0O ) ... ,9<k>> (1)

Remark 1.5. Note that proposition 1.4 does not mean that 6, and the replicas are independent
unconditionally. They are generally correlated through the shared data Y. The statement is
that, given Y, the planted signal 0, is distributed exactly as a posterior sample. This is precisely
the Bayes-optimal, well-specified condition.

1.1 Estimators

As the name suggests, an estimator é(Y) is a data-dependent estimate of the ground truth
parameters 6,. Estimators are commonly denoted in statistics with a hat . Formally, an
estimator is defined as any measurable function of the data Y. The three most popular estimators
in statistics are:

« Maximum likelihood: The maximum likelihood estimator (MLE) is obtained by max-
imising the (log) likelihood:

A~

buie(Y) = argmax logpg(Y) (1.9)

6(Y)esupp()

« Maximum a posteriori: The maximum a posteriori estimator (MAP) is obtained by
maximising the (log) posterior:

Omap(Y) = arg max log p(d]Y)
0(2)
= argmax {logpg(Y') + logw(0)} (1.10)
6(Y)

«+ Posterior mean: The posterior mean estimator, sometimes also refereed as the Bayes
estimator, is given by:

OBayes(Z) = E[0]Y] (1.11)

where the expectation is over the posterior distribution eq. (1.6). Note that differently
from the MLE and MAP, this is not a point-estimator, but rather an average.



1.001 MAP
0.754 Posterior average

0.50+
0.254

6(z)

0.004
—0.25
—0.501

—0.751

—1.00

-20 -15 -10 -0.5 00 05 10 15 20
z
Figure 1: Comparison of MAP and Bayes estimator for scalar Gaussian denoising with a
Radamacher prior 7 = £ (841 + J_1) with noise level 0% = 0.3

Example 1.6 (Scalar Gaussian denoising). Consider Gaussian denoising problem where Y =
0, + o Z with Z ~ N(0,1). As discussed above, we have py, = N(6,, 0?), and therefore:

Omic(Y) = arg max {—2;2(}/ - 9)2} =Y (1.12)

6(Y")esupp(m)

which is the observation itself. Note that, differently from the MAP and the Bayes estimator,
this is independent of the prior distribution over 6,. Now let’s consider two examples of priors.

« Gaussian signal: Let 0, ~ N (p, 72). Then, the posterior is itself a Gaussian distribution:

012) = Nm(Y)0),  mly) = ———y+ =T EE
p = A, U)s my—02+72y O'2+T2M7 R (R

(1.13)

Therefore, since the posterior is unimodal, in this simple example the MAP and Bayes
estimators are equivalent: émap(Y) = éBayes(Y) = m(Y). Differently from the MLE,
this is a weighted average over the observation and the prior, with the weights determined
by the relative variance of both distributions. This is sometimes called a shrinkage
estimator.

« Radamacher signal: In general, the posterior can be multi-modal, implying that the
MAP and Bayes estimators are different. As a concrete example, consider a mixture prior:

T =pdy1+ (1 —p)i (1.14)

with p € [0, 1]. Then, the posterior is itself a mixture:

pOlY =y) = o(y)dt1 + (1 —p(y)) 61 (1.15)
where:
p(y) = sigmoid (10g 1 L St iZ) (1.16)

In this case, the MAP is different from the Bayes estimator:

b () = {“ Folt) >

1 ifp(Y) < OBayes(Y) = 2¢(Y) — 1 (1.17)

[N e



Therefore, the MAP is implementing a hard thresholding function, while the Bayes
estimator implements a soft-thresholding. To see this more clearly, we can rewrite:

p )+l ify>%210g1;pp i A — tonts (Y 11 p
map(z) - 1 ify < %210g1;pp ) Bayes( ) = tan ;-‘ri Ogl_p
(1.18)

See fig. 1 for an illustration.

1.2 Performance and optimality

Given an estimator é(Y) we are typically interested in assessing its performance. For that, we
introduce a loss function ¢(0,, é) which allows to quantify how good is the estimation with
respect to the ground truth. The Bayes risk associated with the loss ¢ is defined as the minimal
expected loss achieved by any estimator:

R, = i%f EO*NTr,pr(~|9*) [6((@(}/)7 9*)} (1'19)

where the infimum is taken over all measurable functions of the data. An important example,
which will be our main performance measure in the following, is given by the mean-squared
error £(0,0,) = ||0 — 6,]|2% In this context, the Bayes risk is also known as the minimum
mean-squared error (MMSE), and is achieved by the Bayes estimator.

Lemma 1.7. The minimum mean-squared error is achieved by the expectation over the Bayes
posterior:

MMSE = inf By, —r ypp.) |10~ 0u118] = Bourypion) [IEBIY] - 0.J3] (120
This justifies our nomenclature of éBayes(Y) = E[f|Y] as the Bayes estimator. This shows

that in order to understand the fundamental limitations in estimation, we must understand the
posterior distribution.

2 Denoising
We now study in detail one of the simplest inference problems: denoising.

2.1 Scalar denoising

To warm up, let’s start with the scalar case. Assume we observe:

Y=0+0Z (2.1)
where Z ~ N(0,1) and 6 ~ 7. The posterior distribution is given by:
p(dO]Y = 3) = —— =55 n(dn) (2.2)
Zs(y)
where the partition function is:
Zo(y) = / r(d0)e 5 (23)

which is simply a convolution of the prior with the Gaussian likelihood.

*We implicitly assumed 0 is a vector here. But a similar notion can be defined for matrices by taking the Frobenius
norm.



Bayes estimator — The Bayes estimator is given by:
(w=0)>
[w(d9)e” =2 0

_ (=02

[ m(df)e” 202

éBayes(Y) = E[9|Y] = (2.4)

which as we discussed before is optimal in mean-squared error, i.e. it achieves the MMSE:

MMSE(0?) = E[(6 — Opayes(Y))?] (2.5)

Free energy — We now discuss the relationship between statistical physics and information
theory. One of the key quantities in statistical physics is the free energy:

F(0%) = ~E[log Z,(Y)] (2.6)

where the expectation is taken over Y. This is closely related to an important quantity in
information theory, the mutual information.

Lemma 2.1. Up to an additive constant, the mutual information is equal to the free energy:
1(0;0 +0Z) = —% + F(o?) (2.7)
Proof. This follows from a simple calculation. By definition,
I(X;Y) = Dkn(Px,y || Px ® Py). (2.8)

Applying this to X = # and Y in our problem:

)8 fog 23] € [ 2700
1057) = & s T | & [ 55
= E [log p(Y'[0)] — Ellog p(Y)]. (2.9)
where in (a) we used p(0,Y") = p(Y|0)p(0). Since:
V)= L o %SF - L 7w (2.10)
= V 2%026 C V2me2 ‘
We have:
Ellogp(Y)] = —1 log 2nc? — F(o?) (2.11)

On the other hand, since p(Y'|0) = N(6, 0?)

2
Eflog p(Y']0)] = —% log 2702 — E [(Y%f)}

1 1
=5 log 2mo? — 3 (2.12)
Putting together yields the desired result:

10;Y) = —% + F(0?) (2.13)



The mutual information quantifies how much information two random processes share.
Therefore, I(0;Y) is essentially a measure on how much information the observation Y carries
about the signal 6. Surprisingly, the mutual information can be related to smallest mean-squared
error that can be achieved by any estimator, i.e. the MMSE in eq. (2.5).

Theorem 2.2 (I-MMSE theorem, Guo et al., 2004). The MMSE is proportional to the derivative of
the free energy with respect to noise variance.

d 1 ,

Theorem 2.2 follows from a direct computation. The tricky part is that the mutual information
depends on the noise level both through the expectation over Y = 6 4 ¢ Z and the log-partition
function log Z,(Y). Therefore, it will be convenient to first prove first two auxiliary lemmas,
which are useful results in information theory.

Lemma 2.3 (De Bruijn’s identity). Let X € R™ and Z ~ N (0, 1;) independent of X . Then:
d 1
S+ VtZ) = 5/ (X + VtZ) (2.15)

where h(Y') = —E[log py (Y)] is the differential entropy and J(Y') = E[||V log py (Y)||3] is the
Fisher information of the random vector Y ~ py-.

Proof. Let Y; = X + v/tZ and denote by p;(y) = E[p;(y — X)] the law of Y}, where ¢ is the
density of v/tZ ~ N(0,tI,). A standard property of ¢; is that it satisfies the heat equation
(check this!):

Buipi(2) = Vigu(z) (2.16)

By differentiation under the expectation, this implies that p; itself satisfies a heat equation:

Ope(y) = OE[p(y — X)) = E[drpr(y — X)] = E[VZpi(y — X)] = Vzpt(y)(y) (2.17)

Therefore:
() = =01 [ dypy)logmly) =~ [ dydm()lognty) - [ayom @19
However, since p; is a density, we have that [ dy p;(y) = 1 and therefore:

/ dy Drpu(y) = 0 (2.19)

Therefore, using the heat-equation and integration by parts:

oh(Yi) = — / dy Vipi(y) log pi(y) = / dy (Vypi(y), Vy log py(y))

— [aun ) (T2 v, 0,0 )
=E[||Vylogpy(Y)]II3]

which is the desired result. O




Lemma 2.4 (Tweedie’s formula). Consider the processY = X ++/tZ with X ~ T independently
from Z ~ N (0, I,,). Then:

E[X|]Y = X +VtZ] =Y +tVlogp(Y) (2.20)

Proof. The result follows from direct computation:

1 v _lly=X113 x
Vv, lo - ve  * Y7 2.21

We can now move to the proof of Theorem 2.2.

Proof. Note that, up to a normalisation, the mutual information is precisely the differential
entropy of Y:

1 11
1(0;Y) = =5 — Ellog Z,(Y)] = =5 —  log 210% 4+ h(Y) (2.22)

Therefore, by Lemma 2.3:

d ) _ 1 1 9
@I(G,Y) =92 " §E[(ay logp(Y))”] (2.23)
But by lemma 2.4:
E0)Y]-Y
0, logp(y) = 2" (220
Therefore:
1 1
E[(dy log p(Y))?] = SEI(E[6]Y] ~ ¥)?) = E(E[]Y] - 6~ 02)?
1 2 1
= LE[(E[]Y] - 0)%) - S (BIY] - 0)7] +
@1 Lyse (2.25)
o o
Where in (a) we used that:
E[(0(Y) - 0)Z] = o 'E[(0(Y) - 0)(Y - 0)]
= 0 'E[(A(Y) — 0)6]
= o 'E[(A(Y) - 0)?]. (2.26)
Putting together yields the desired result:
gy L1 qo 11
@I(G,Y) =5 + QIE[(@y logp(Y))*] = 5,7 2U4MMSE
1
= _QMMSE (2.27)
O



2.2 Sparse vector denoising

We now move to the case of a vector denoising problem:
Y=0+0,7 (2.28)

with 6 ~ 7 and Z ~ N(0, I,,) independently. Note that if 7 factorises:

m(0) = [ [ mi(6:) (2.29)
i=1

then the posterior itself is a factorised distribution, implying that the problem simply decouples
into n independent scalar estimation problems. Therefore, the interesting case to consider is
when the entries of the signal are correlated.

As a concrete example, we will consider a widely studied case in signal processing: a s-sparse
signal, for which only a subset S C [n] of size |S| = s the coordinates of # are non-zero.

In particular, let’s consider the extreme case where one coordinate K € [n], taken uniformly
at random, is non-zero. This type of problem is known as needle in the haystack, since denoising
requires finding a single non-zero coordinate among the n — 1 noise variables.

Remark 2.5. Note that 7 is not a factorised distribution, since coordinates are correlated. In
particular, choosing the non-zero coordinate automatically forces all the remaining coordinates
to be exactly zero.

More formally, we define a random coordinate K ~ Unif([n]) and let 6| K = k ~ J, . Since
Y|K =k = N(ex,0?1,), the posterior distribution is given by:

e—ﬁHY—ekH% 1 ed%yk Yy
[P’(@ = €k|Y) X W — = ﬁ = SOftHlaX (2) (230)
TO n =Y, g k
~— Z eo27J
p(Ylo=er) TO=er) =1

Remark 2.6 (Support of the posterior). Note that although the prior is constant, it does
constraint the support of the posterior distribution. In other words, knowledge of the fact that
the underlying signal is 1-sparse means that the posterior is effectively on a single coordinate
K € [n].

The question we would like to understand is how small o, needs to be for us to be able to tell
apart the signal § = e, from the noise? Since the posterior mean is optimal in MMSE, studying
it should teach us about the fundamental limitations of recovery. But before, let’s intuitively
understand what is the trade-off between signal and noise in this problem.

Scaling: Estimation can be seen as a competition between the entropy from the prior and
the information carried by the signal in the likelihood. Indeed, without any observation on the
model, the best one can do is to take a random draw from the prior distribution, which is the
uniform distribution over the coordinates. This can be measured by the entropy:

H(m) =logn (2.31)

How much information does the observation Y = ex + 0 Z carry about the signal? To answer
this question, we must separate the information carried by the signal from the information
carried by the noise. The distribution of the noise part is 0Z ~ N(0, 021,,). The amount of
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information carried by the signal can be measured by the relative entropy between the noise
and the observation:

2 2 _exl3 _ 1
DKL(N(GK,O' In)||N(0,U 1)) = 552 252 (2.32)
Hence, we expect that 02 < @ for the likelihood to remove a O(1) fraction of entropy of

the original uncertainty from the prior. From this, we should expect:

op > @ impossible to identify K (not enough information)
on =0 @) critical regime (2.33)
On K easy to identify K

logn

2.2.1 Maximum likelihood and maximum a posteriori estimators

Note that since the prior 7(0 = ¢;) = % is constant, the MAP and MLE estimators are
equivalent for the 1-sparse denoising problem. They are explicitly given by:

émle(Y) =ep, K(Y) = arkg I[n}ax Yy (2.34)
en

This is very intuitive: we the MLE/MAP simply selects the largest value in the observations.
Assume that the true coordinate is given by k, € [n]. In order for the MLE/MAP to correlate
with the signal we must have:

140,21 > max 0,7; (2.35)
J#k«

By a classical result in extremal value statistics for Gaussian variables, for all ¢ > 0 with
probability 1 — o(1) when n — oo we have:

max Zj € \/2logn[l —¢e,1+ €] (2.36)

J7kx
Since the left-hand side is Op(1), this implies that the:

{O for 02 > 5

2log
o0& (2.37)

2logn

n—o0

1 foro2 <

Which precisely agrees with the scale previously discussed !

10



2.2.2 Bayes optimal estimator

We have shown that the recovery threshold for MLE/MAP is 02 = m. However, is this
optimal? In other words, is there an estimator which recovers the signal above o.? To answer
this question, we must characterise the MMSE, or equivalently (from theorem 2.2) the asymp-
totic free energy of the posterior distribution in the limit n — oco. Motivated by the scaling
discussion above, let:

n=2 = oi= a (2.38)
d
such that the critical scaling 02 = Oy(d), and define the free energy density:
24 2 24

1 _ Y =0113 24 1 1 dy.
fa(A) ——dE[long::le 252 W(Gj)] —log2—|—2d+A—dE[log;eAYJ} (2.39)

~— ———

Z4(Y) Za(Y)

which, as discussed in the previous section is closely related to the mutual information density:
. 1 1 -
ig(A) =log2 + N gE[log Zqa(Y)] (2.40)

Our goal is to understand its asymptotic value when d — co. While it is possible to compute
the asymptotic free energy density using standard tools from probability, this will be a nice
opportunity to introduce a tool from statistical physics known as the replica method (Mézard
et al., 1988).

Replica trick:  The replica method addresses the challenge in computing the limiting free
energy in eq. (2.39), which consists of dealing with the expectation of a logarithm. The key
idea is to use the following identity:

logx = lier O0sx?® (2.41)

s—0
also known as the replica trick. Applying this to eq. (2.39) reduces the problem to computing

moments of the partition function:

E[log Z4(Y)] = lim lE[aSZd(Y)S] (2.42)

s—0+ d
Now, we can explicitly write:

2d d r
- 45y,
Zo(Y)y'= > etam’ (2.43)
j17”"j’r‘:1

Average over randomness: By symmetry, we can assume without loss of generality that
the ground truth signal is in the first coordinate = e;. Noting that:

Y =(e;,Y) = (ej,e1) + \/§<Z7 ej) (2.44)

11



we can take the average:

E * Z:)(Y,eja>] B e% i(ehejﬁE [e\/g i(em@] B e% erelfeja”% > (€ja i)

e a=1 a=1

This motivate us to introduce the following summary statistics:

mq = (€1, €, ), qab = (€5, €j,) (2.46)

which measure the correlation between a replica and the signal and two independent replicas,
respectively. Putting together, we can write:

2d d - i -
A 2 Matzx 2o dab
EZyY)]= Y e =0 T (2.47)
Jrgr=1

Applying Laplace’s method: Note that the exponent depends only on the matrices m €
{0,1}" and gqp € {0,1}"*". In order to derive a free energy potential, we can rewrite the sum
over configurations {e;, } in terms of a sum over the summary statistics:

E [Zd(Y)T} = Z Z exp Zma 2A Z Qab

me{0,1}7 ge{0,1}7x" a,b=1
2d r
X Z H 1(mg = <€1’ eja>) H 1(Qab = <€ja7 ejb>) . (2.48)
Ji,ir=1a=1 1<a<b<r

# configurations with a given mq, qqp

Defining:

by ( ) a 10g Z H 1 Ma = 61a €]a>) H 1((](117 = <6ja7 ejb>)' (2.49)

1, ,Jjr=1a=1 1<a<b<r

We can rewrite:

E[Zd(Y)T} = Y 3 e (2.50)

me{0,1}7 ge{0,1}7 %"
where the free energy potential is given by:
1 o 1<
m,q) =5 D Mat5x D, b+ Ba(m,q) (2.51)
a=1 a,b=1

In the limit d — oo, Laplace’s method give that the sum above concentrates at m,, g, which
extremise P,.:

lim flogIE[Zd(Y) |]= sup P.(m,q) (2.52)
d—00 d mE{O,l}T
qG{O,l}TXT

Therefore, we have reduced the problem from the space {0, 1}2d to the space of summary
statistics m € {0,1}",¢q € {0,1}"*".

12
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Figure 3: (Left) Asymptotic value of the mutual information density as a function of the snr
for 1-sparse vector denoising. (Right) Minimum mean-squared error as a function of
the snr.

Replica symmetry: Despite this simplification, solving the optimisation problem above is
a daunting task. To make progress, we restrict our search to the following replica symmetric
ansatz:

(2.53)

{ma:m a € [r]

dab = 4 I1<a<b<r

In particular, by the Nishimori property we must also have ¢ = m € {0,1}, withm = 0
denoting no recovery and m = 1 denote recovering. This considerable simplifies the free
energy potential. In particular, we have:

T s
Zma =rm, Z qap = (1 — q) +r’q (2.54)
a=1

a,b=1

As for the entropy potential, we have that ¥(m = 1) = log 1 = 0, as there is only a single way
all replicas can align with the signal (j, = 1 for all a € [r]). On the other hand, for m = 0 we
must have all replicas on distinct coordinates. The number of such configurations is:

n—1)n-2)---(n—r) = n" (2.55)
Therefore:
YX(m=0)= dli_}IIl élog m=1)(n—2)---(n—r)=rlog2 (2.56)

Therefore, we have:

2 (2.57)

Zero replica limit:  Putting together allow us to take the r — 0T limit explicitly:

1
A +log 2 =0
28 +logs m (2.58)

r—0+

<I>(m) = lim arq)r(m) = { m=1
1 =

and therefore:

1 1 1
lim —E[log Zg(Y)] = ®(m) = — +log2, —
Jim ~Ellog Zy(Y)] i (m) maX{2A+ og ,A}

13



log2+ 55 A > 5ls
_ { lg 2A . 21(ig2 (259)
A if A < 51053
with:
0 ifA> 5ty
my = _ 2log2 (2.60)
1 ifA < W
This implies that the asymptotic mutual information is given by:
0 if A > 5o
i(A) = lim ig(A) ={ ", ' Zlog2 (2.61)
d—o0 ﬂ—logQ lfA<m
which gives a critical recovery threshold of A, = ﬁ. Recalling that:
1
A=do?=8"52 (2.62)

~ log?2

We retrieve exactly the same threshold for signal recovery as the MLE/MAP in section 2.2.1!

Minimum mean-squared error: Finally, the - MMSE theorem 2.2 allow us to compute the
asymptotic MMSE, given by:

1 ifA>ﬁg2

2.63
0 ifA<W1g2 (2.63)

MMSE(A) =1 —m, = {

Note that to get this result, one needs to account for the difference of normalisation between
the derivation of theorem 2.2 and eq. (2.39).
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