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Feature maps

Q |dea: Introduce a feature map:

@ : R — RP
X = @x)

And consider a linear predictor in feature space:

fox) = (0, p(x))

- Now we have 0 € R”.

. f,still a linear function of 6.

. Typicallyp > d.

- More generally, we can consider g : £ - R?

Example: & a collection of books.
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Ridge regression on feature space

Let D = {(x;,y) € T XR :i € [n]} denote training data and
¢ : L — RP afeature map.
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Let D = {(x;,y) € T XR :i € [n]} denote training data and
¢ : L — RP afeature map.
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Ridge regression on feature space

Let D = {(x;,y) € T XR :i € [n]} denote training data and

@ : L — RP afeature map.

mln —
OcR? 2n

Z(yl (0. 9(x)))* + —H9H2

Defining the feature matrix and label vector:

P(x))
D = :

@(x,)

e Rn)(p

y:

The above admits an explicit solution:

Y1
. | e R”
Yn

0,(@,y) = (®'® +nil) '@y



Ridge regression on feature space

Let D = {(x;,y) € T XR :i € [n]} denote training data and
¢ : L — RP afeature map.

mm—Z(yl (0. @(x))) + —HﬂHz

OcR? 2n

Note we can equivalently write:

. DD+ nil) DT
0,(D,y) = ( + ) ¢
O (DD +nil )y

Same result, but one might be cheaper than
the other.
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Kernels

Note that the solution:
0,(D,y) =D (DD + nil) "y

Actually lives in the span(@(x,), ..., @(x,)). This means we
can also write:

0,=d'a, @Dy =(@P +nil)y
And the predictor:

Jo(x) = (9/1,¢(x)) = (@, Pp(x))



Kernels

£(0) = (0,, p(x)) = (&, DPp(x))

a,(®,y) = (PP' +nil)y
Note everything only depends on the scalar product of features

K(x,x) = (@(x), p(x))

This Is also known as a kernel.



Kernels

£(0) = (0,, p(x)) = (&, DPp(x))

a,(®,y) = (PP' +nil)y
Note everything only depends on the scalar product of features

K(x,x) = (@(x), p(x))

This Is also known as a kernel.

This is true for any linear predictor, and goes
under the name of “representer theorem”
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Hillbert space

As we have shown In the previous examples, it Is easier
to linearly separate a function in higher dimensions.

Q Key idea: Take the number of features to infinity (p —» oo)

~

=) First, we need to make sense of R*...

L

A Hilbert space # is a vector space (over R or C) with an
iInner product (-, )g : Z X X — R which is complete.

Informally, an inner product is the minimum we need to
do linear algebra in infinite dimensions
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Hillbert space

A Hilbert space # is a vector space (over R or C) with an
Inner product (-, )q : ' X # — R which is complete.

- Vector space (overR).leta,beRandf,g e

af + bg € '+ usual properties of the sum

.+ Inner product: a function (-, )y : Z X Z — R such that:

- L 87 =8N
- 11£115 = (£, /) = 0 with equality iff f = 0
- <le+ bga h)% — Cl<f,h>%+b<g,h>%

Inner product induces norm, but converse
not always true.



Hillbert space

A Hilbert space # is a vector space (over R or C) with an
Inner product (-, )y : Z X #Z — R which is complete.

- Vector space (overR).leta,beRandf,g e

af + bg € '+ usual properties of the sum

.+ Inner product: a function (-, )y : Z X Z — R such that:

- L 87 =8N
- 11£115 = (£, /) = 0 with equality iff f = 0
- <le+ bga h)% — Cl<f,h>%+b<g,h>%

- Complete: Cauchy sequencesf, € # convergef, e X
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Examples of Hilbert spaces

. ¥ =R with the usual Euclidean inner product:

d

(W,v), = Z Vild;

=1

. 7*(R): sequences u = (u;, u,, ...) With
(0 Q)
Such that: | |u | |§2 = (U,U),» = Z Iul-l2 < 00
i=1

r OO

. LA(R):functionsf: R - Rwith (/& pw = | [()gk)dx

r OO

Such that: || f] |]%2(R) = <faf>L2(|R) = | f(x) |2dX <

— OO0
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INfinite dimensional features

This provides the right structure to define infinite
dimensions features.

Let #Z denote a Hilbert space with inner product (-, - ).

Q |dea: Given data x € 2, define features:

Q. X > H
X = @(x)

and predictors:  fy(x) = (0, p(x))5 withoe 7.

A Problems: -« Ingeneralfé¢ 7.
. Class of functionsf: 2 — R defined

this way can be small.
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Example

Let # c R? with standard Euclidean inner product.

Let X = {x;,x,,x;} be a discrete data space. Define ¢ : L - Z

P(x)) = [(1) P(xy) = (1)] P(x3) = m

-
Forany 6 = 91 e #, define the function:  f(x) = (0, p(x))
02,

We have: f(xl) — (91 f(xz) — 62 f(.X3) — 91 + 82
Only few functions on & can be expressed this way.

eg. cantexpress flx) =1 flx) =0 flx) =2



Reproducing property

To make the Hilbert space compatible with &, we need
the following reproducing property:

A Hilbert space # of functions over I Is said to be a
"Reproducing Kernel Hilbert Space” (RKHS) if there
exists ¢ € #Z such that:

Vxe X VfeH Jx) = (f, p(x)) o
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Kernel ridge regression

Let D = {(x;,y) € T XR :i € [n]} denote training data. We now
have everything we need to define ERM on a RKHS.

mm—Z(y, ~ f)” + —\ £115

By using the feature map ¢ : & = #, this can be equivalently
written:

mm—zm—w P()) )" + —HHH%

. Closed-form in terms of “infinite dimensional”
Mmatrices “® € R™*"?



Kernel ridge regression

Let D = {(x;,y) € T XR :i € [n]} denote training data. We now
have everything we need to define ERM on a RKHS.

— —_ 2 —
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As before, defining the kernel function and matrix
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Kernel ridge regression

Let D = {(x,y,) € T XR : i€ [n]} denote training data. We now
have everything we need to define ERM on a RKHS.

mm—Z(y,— (0, p(x))) o) + —| | 0] \%

As before, defining the kernel function and matrix

K(x,x) = (@), 9(xN) g K; = (p(x), 9(X)))

The solution can be written as;

fo =) & Kxx) @ ®@.y)=K+nil)y
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Kernels

Note that in practice, to do ridge regression on # we don't
even need to know what ¢ is. It suffices to have K.

A function K: ' x I — R defines a positive definite Kernel
If and only if there exists a Hilbert space #Z and a map
@ : L — F such that:

K(x, x") = (o), (X)) Vx,x' € X

In words: specifying # and ¢ is completely equivalent to
specifying K,

A A kernel can correspond to several feature maps. eg9. & =R

s =x ow=—[] Kex)=x
\/5 X
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Examples of Kernels

. Gaussian kernel: K(x,x') = o~z IE=¥1l (2 ka RBF)

. Laplace kernel: K@x,x') = e =l

. Polynomial kernel: K(x,x) = ({x,x) + b)f

. fl'rans.la‘uonal K(x,x) = k(x — x')
iNnvariant kernels

. Rotationally K(x,x") = x({x, x"))
INnvariant kernels

Or any other positive-definite function...

A

In general, finding ¢ associated to these is not
obvious.




Examples of Kernels

y;, = sin(x) + €
e ~ 4(0,0.2%)

1.0

0.5

—-0.5¢

—— Laplace kernel
—— Polynomial (deg=5) kernel X

A
% Noisy data X '
1ol — == True function (sine) \\A
T RBF kernel : 9 X
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