
Statistical Learning II - Lecture 6 (14/10/2026)

















































Q How much data we need to learn generalise

Recall RleftfthetarightEleftleftyfthetaleftxrightright2right
wrt datadistribution leftxyrightsimp iid

Need a model For fthetaleftxrightleftlanglethetaxrightrangle can only fit linear
functions inductive bias

Therefore assume that yileftlanglethetaxirightranglevarepsilonithetainmathbbRd
signal noise

with Eleftvarepsiloniright0leftEvarepsilonleftyirightleftlanglethetaphixirightrangleright
Eleftvarepsiloni2rightsigma2infty

This defines distribution of yx Recall that pleftxyrightpleftyxright
xPleftxright
GtimesHij

To simplify problem assume fixed design ie Xii1n is

fixed not random

Under fixed design generalisation error is given by

RleftfthetarightEyxleftfrac1nleftyxthetaright22right comparewith Eleftxyrightleftlangleylanglethetaxrightrangle
yinmathbbRxinmathbbRdyinmathbbRnXinmathbbRntimesd

Exercise check that for Xisim iid Px

Eleftfrac1nleftyxthetaright22rightEleftleftyleftlanglethetaxrightrangleright2rightleftXyrightleftX1y1rightleftX2y2rightldotsleftXnynright leftxyright



varepsiloni is not Gaussian

Bias variance decomposition

Remember OLS predictor is given by
hatTheta

OLS XtybegincasesleftXTXright1XTykerngeqdXTleftXXTright1yherndendcases
xfollrakeleftrankeleftxrightminleftndrightright

For ngeqd hatTheta

ds leftXyrightleftXTXright1XTyleftXTXright1XTleftXthetavarepsilonrighta
Ods xrangle
leftlanglethetakxrightrangle leftXTXright1XTXthetaleftXTXright1XTvarepsilon

thetaleftXTXright1XTvarepsilon
signal noise

s

On average EvarepsilonhatThetaols leftxyrightEvarepsilonleftthetaleftXTXright1XTvarepsilonright
thetaleftXTXright1XTEleftvarepsilonrightBias

0theta

thereforehatthetaolsleftxyright is unbiased for ngeqd
what about the variance

lovlefthatthetadsleftxyrightrightEhattheta ds Ehatthetads Jhatthetads Ehatthetaols Tvarepsilon

EhatthetadsthetalefthatthetarightdsthetaT

hatthetadsthetathetaleftXTXright1XTvarepsilonthetaleftXTXright1XTvarepsilon
thereforelovlefthatthetadsrightEleftleftXTXright1XTvarepsilonleftleftXTXright1XTvarepsilonrightTright Recall

leftABrightTBTAT



leftATrightTA
a leftA1rightTATfracEvarepsilonleftleftleftXTXright1XTvarepsilonvarepsilonTXleftXTXright1rightrightleftXTXright1XTEleftvarepsilonvarepsilonTrightXleftXTXright1XinmathbbRntimesd

nxixan nxd dtimesd
Nxn

fracdxn
dx
x

d
nad dxn

nxd
dan nxd

dtimesd

AvarepsilonvarepsilonTinmathbbRntimesnAijvarepsilonivarepsilonjEvarepsilonleftAijrightEvarepsilonleftvarepsilonivarepsilonjright
Recall varepsilon is iid varepsilonisimrhovarepsilonforalli1ldotsnbegincasessigma2ij0ineqjendcases

thereforeEleftvarepsilonvarepsilonTrightsigma2IninmathbbRntimesn

CovlefthatthetaolsrightleftXTXright1XTleftsigma2InrightXleftXTXright1sigma2leftXTXright1XTXleftXTXright1sigma2leftXTXright1
Since hatsumnfrac1nXTX I can alsowrite lovlefthatthetadsrightfracsigma2nhatSigman1
To summarise Bias Elefthatthetaolsrighttheta

Variance lovlefthatthetaolsrightfracsigma2nhatsumn1


